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Abstract 


We discuss the controllability and observability of time-invariant (con- 
tinuous time) linear systems with interval coefficients using the notion of 
being full rank of interval matrices. The most important advantage of the 
proposed attitude is to consider these two essential concepts, that is, control- 
lability and observability, in interval time-invariant linear systems, which, in 
turn, may play important roles in the analysis of uncertain systems. Some 
different definitions on to be full rank of matrices have been utilized to pro- 
pose different views on the controllability and observability of interval linear 
systems according to different criteria. Finally, in several control-observation 
processes, the controllability and observability are evaluated based on the 
given achievements. 


AMS(2010): 93B05, 93B07, 93C15. 


Keywords: Controllability; Observability; Time-invariant linear systems 
with interval coefficients. 


1 Introduction 


The importance of the control issue is clear, given its role in automating pro- 
cesses and enhancing efficiency. In a control system, there are three types of 
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variables: State variables, control variables, and output variables. Whenever 
in a control system, there is the possibility of determination of control vari- 
able, that the system can be transferred from the initial state to a terminal 
state; then the control system has the controllability property. If the con- 
trol variable is influenced by the output variable, the control system has the 
observability property. 


Past works have been largely devoted to obtaining various criteria of 
controllability and observability. The concept of structural controllability 
has been studied in [10, 13, 5]. Lin et al. [9] expressed the concept of C- 
controllability and C-observability for uncertain descriptor systems with in- 
terval perturbations in all matrices. Cheng and Zhang [2] checked the robust 
controllability for a class of uncertain linear time-invariant multi-input multi- 
output (MIMO) systems, and for this purpose, the single-sign constraint and 
the feedback constraint have been considered. Also, Chou, Chen, and Zhang 
[3] extended the method presented in [2] for linear uncertain descriptor sys- 
tems. Ismail and Bandyopadhyay [8] obtained a sufficient condition for de- 
termining the controllability and observability of linear symmetric interval 
systems. Wang and Michel [14] established necessary and sufficient condi- 
tions for the controllability of single-input multi-output linear time-invariant 
system with interval plants in state matrix and for the observability of multi- 
input single-output linear time-invariant system with interval plants in state 
matrix. Yang [15] extended the theory in [14] to systems with interval plants 
for both state and control matrices (or state and output matrices) with single- 
input single-output. 


In this paper, the controllability and observability of MIMO time-invariant 
linear systems whose all coefficients can be intervals, are considered, while 
there are no additional constraints, for example, symmetry of the state ma- 
trix, for these systems. Necessary and sufficient conditions of the controllabil- 
ity and observability of time-invariant (continuous time) linear systems with 
interval coefficients in all matrices, are discussed. The controllability and 
observability of the systems are investigated using the fullness of the rank of 
the interval matrices. Because of computational considerations, some criteria 
on to be full rank of matrices which have been presented by Shary in [12] are 
applied to define different criteria for the controllability and observability of 
interval linear control systems. 


The structure of the paper in the following sections is as follows. In 
Section 2, the time-invariant linear system with interval coefficients is in- 
troduced. In Section 3, the controllability and observability are considered. 
In Section 4, criteria-based concepts of controllability and observability of 
MIMO time-invariant linear system with interval coefficients and full rank 
interval matrices have been given. In Section 5, numerical results to evaluate 
the given discussions are stated. 
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2 Preliminaries and statement of the problem 


In this section, at first, the interval parameter transformation, which is used 
for analyzing the necessary and sufficient conditions in interval optimal con- 
trol problems in [7, 11, 6], is mentioned. Consider the closed bounded in- 
terval S = [s°,s1] = {x € R|s° < x < s1} for s°,s! © R. Any value 
in S may be stated as s(\) = s° + A(s! — s°),0 < A < 1, and also the 
left and right endpoints of the interval S = [s°,s'] may be displayed as 
s° = min s(\), 8) = maxs(A),0 < A < 1; see [1]. 

Suppose that S = [s°, s‘] = {s(A1)|A1 € [0, 1]} and Y = [y®, y4] = {y(A2)|A2 € 
[0, 1]} are two closed bounded intervals. The algebraic operations of intervals 
are presented with respect to parameters as follows, [1]: 


S@®Y = {s(A1) + yz) Ar, A2 € [0, Uf, 


SOY = {s(A1) — y(A2)|A1, A2 € [0, 1}, 
SOY = {8(A1)-y(A2)|A1, A2 € [0, 1]}, 
kS = {ks(A)|A € [0, 1]}, 
S@Y = {8(A1)/y(A2)|Ar, Az € [0,1], y(A2) ¥ OF. 


Definition 1. The matrix S is called an interval matrix if and only if all of 
its elements are closed bounded intervals. 

Consider the following notations: 

I(R) =The set of all closed intervals in R. 

I(R)" =The product space I(R) x I(R) x --- x I(R). 

I(R)™*” =The set of all interval matrices S with m rows and n columns. 
J[0, 1)"*" = The set of all real matrices with m rows and n columns such 
that all elements of these matrices belong to [0, 1]. 


Definition 2. Let S = [s,j)mxn be a real matrix and let S = [Sij|mxn € 
I(R)'*” be an interval matrix, where S;; = [s};, sj;]. Then S is considered 
as a member of S if and only if s;; € S;;, for alla =1,...,mandj =1,...,n. 


Proposition 1. An interval matrix S can be presented by an infinite set of 
real matrices, that is, 

S = {Sa|Sa = [S19 (zy ]mxns A = [Aig lmxn € J[0,1)™"*”, Si (Aig) = 5s 
daz (85; _ Si) tH laa iny 7 = Nesey mh. 


0 
ag + 


Proof. Let S € S and let S = [sij]mxn- Then 8;; € Sij, 1 = 1,...,m, J = 
1,...,n. There exists 4; € [0,1] such that s,; = s?; + Aij(sj; — sf;). 
In this case, for each element of the matrix S, there exists a real num- 
ber AX; € [0,1], i € {1,...,m}, 7 © {1,...,n}. Consider the matrix 
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A = [Nijlmxn Aig € [0,1], and suppose si; = s$, + Aug (Si; — $j) = 513 (Aay) 
fori =1,...,m,j)=1,...,n. Then, S = S,. Therefore, the real matrix S is 
a member of the infinite set of real matrices. 

Now if a real matrix S = [s;;]mxn belongs to the infinite set of real matrices, 
then, there is a real matrix A = [Aij|mxn; 

lambda,; € [0,1] such that S = S, and sj; = si;(Aij) = s}, + dig (Si; = 
Sy) rij E (0, 1], 7 = 1,...,m, 79 = 1,...,n. Then Sig E S475 i= 
1,...,m, j=1,...,n, andsoSeé€S. 


The most important advantage of denoting an interval matrix in the above 
proposition is that how one can show all real matrices that are included within 
interval matrix. 


Definition 3. An interval matrix S is called full rank if and only if for 
each matrix A € J[0,1]”*", the real matrix Sq € S is full rank. 
Consider the time-invariant linear system with interval coefficients 


(1) 


where A ra T(R)"*", B eC T(R)"*™, C (= T(R)P*", and D € I(R)Px™ are 

interval matrices that they are denoted according to the Proposition 1 as 

follows: 

A = {AalAa = [aig (ag)], A = [ag] © J[0, 11"*, aig az) = af; + Aug (ai; — 

ays) }; 

Sie {Br|Bp = [bir (Yir|nxms T= yer] c J(0, 1“, bir (Yer) = bo. +-Yir (Dj, _ 

bi) } 

ee {Co|Co = [chi (xi) pxn, © = [Oxi] € J[O, 1]P*", chi (Oni) = Che + Oni (Chi 

Chit 

D = {Do|Da = [dier(wer)|pxm, 2 = [wer] € J[0, 12%", der(wer) = a2. + 

lt =e tS deh Jala Peleus Fae ah 

In system (1), u(-) andy(-) denote the control and the observation func- 

tions, respectively. The first equation describes the process of control and 

the second equation describes the process of observation. For all matrices 

A e€ J[0,4"*",T € J[0,1"*™", 0 € F/O, 1]?*",Q € J[O,1)?*™ from system 

(1), it can be obtained a system with real coefficients as follows: 
a(t) = Aaa(t) + Bpu(t), (2) 
y(t) = Cox(t) + Dau(t). 


The first equation of system (2), for all matrices A € J[0,1)"*%", T € 
J(0,1)"*™ and with an initial state x(to) has the unique solution as, [4], 


Cy ee eee / sepidcGewiBeataus. 


to 
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3 Controllability and observability of the time-invariant 
linear system with interval coefficients 


In this section, the concepts of the controllability and observability of system 
(1) is defined using its parametric form. 


Definition 4. System (1) is controllable if and only if system (2) is con- 
trollable for all matrices A € J[0,1]"*",T € J[0,1]"*™, 0 € J[0,1]?*",QX € 
J([0, 1J?*"™. 


Definition 5. For arbitrary matrices A € J[0,1)"%", T € J[0,1]"*", O€ 
JO, 1J?*", Qe J[O, 1J?*%™, system (2) is controllable if and only if for every 
initial state z(to) € R”, the state vector x can be carried from the initial 
state to any other position as x(t1, A,T°) € R", in a finite amount of time and 
by a specific control uw. In other words, system (2) is controllable if and only 
if to is an arbitrarily initial time, there exists a time as t; > to such that, 
x(to) and x(t1, A,T’) to be desired states and the integral equation 


ti 
x(ty, A, rT) = exp[Aa (ty = to)|x(to) + / exp[Aa (ty — s)|Bru(s)ds 
J to 
has a unique solution as a control function u. 
System (2) is the time-invariant linear system that has been expressed in 
[4]. 


Proposition 2. System (1) is controllable if and only if the interval com- 
pound matrix 


M 4B = [B AB A?B --: A”-'B) 
is full rank. 


Proof. If system (1) is controllable, then system (2) is controllable for all ma- 
trices A € J[0,1]"*",T € J[0,1]"*™, 0 © JO, 1]?*",Q € J[0, 1]?*™. Hence 
the matrix 

Maxey = [Br An Br AX Bp --- AR”'Br,] 


is full rank for all matrices A € J[0,1]"*",T € J[0,1)"*™ [4]. Therefore, the 
interval matrix M 4, is full rank. 

Suppose the interval compound matrix M yz is full rank. Then, the matrix 
MayBy is full rank for all matrices A € J[0,1)"*",T € J[0,1]"*™, and 
system (2) is controllable for all matrices A € J[0,1]"*",T € J[0, 1]"*",O € 
J[0, 1J?*",Q € J[O, 1]?*™ [4]. Therefore, system (1) is controllable. 


Definition 6. The linear system (2) has the observability property on an 
interval time (to,t1) if and only if for arbitrary matrices A € J[0,1]"%",T € 
J[0,1)"*™, © € J[0, 1]?%",Q € J[O, 1]?*™, any input-output pair (u(t), y(t), 
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to <t <t, in system (2) uniquely determines the initial state x(t). 


Definition 7. For arbitrary matrices A € J[0,1]"*",T € J[0,1]"*",0 € 
J[0, 1J)?*%",Q € J[O,1]?*™, the linear system (2) is said to be observable at 
an initial time to if and only if it has observability property on the interval 
time (to,¢1) where t; > to. It is said to be observable if and only if it is 
observable at every initial time to. 


Definition 8. System (1) is observable if and only if for all matrices 
A e€ J[0,1)"*%",T € J[0,1]"*", 0 € J[O,1]/?*",Q € J[0,1]?*™, system (2) 
is observable. 


Proposition 3. System (1) is observable if and only if the interval com- 
pound matrix 


is full rank. 


Proof. If system (1) is observable, then system (2) is observable for all ma- 
trices A E J(0, si aoadare E J[0,1]"*™, © E J(0, 1yPx" OQ E J(0, 1J?*”". So the 
matrix 


CoA,’ 


is full rank for all matrices O € J[0,1]?*", A © J[0,1]"*”, [4]. Therefore, 
the interval matrix Nc, is full rank. 

Suppose the interval compound matrix Nc, is full rank. Then, the matrix 
No. A, is full rank for all matrices O € J[0,1]?*", A € J[0,1]"*” and so 
system (2) is observable for all matrices A € J[0,1]"*",T € J[0,1]"*™",0 € 
J[0, 1]?*",Q € J[0, 1]?*™; see [4]. Therefore, system (1) is observable. 


4 Criteria-based controllability and observability 


Let S = [sij]mxn and Y = [yij]mxn be real matrices. The absolute of matrix 
is denoted by |S| = [|Sij|])mxn, and also S < Y if and only if s;; < y;; for 
i=1,...,m, 7 =1,...,n. The pseudoinverse of S$, is a real n x m matrix 
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as St such that S.S* and S*S are symmetric matrices and $StS = S and 
S*SS*+ = S*. Suppose that S$ is full rank and that m is greater than or 
equal to n. Then S* = (S7S)~1S7 and S*S is a unit n x n matrix. If m is 
smaller than or equal to n, then St = 97(5.97)~1 and SS* is a unit m x m 
matrix; see [12]. The singular values of the matrix S are as arithmetic square 
roots of the joint eigenvalues of the matrices $7.5 and SS7. Also omin(S) 
and Omax(S) are respectively the smallest and greatest singular values of the 
matrix S. Indeed p(-) is the spectral radius of a square matrix. 

Let S = [s°, s'] be an interval of real numbers. The midpoint of the in- 
terval, the radius of the interval, and the absolute of the interval are denoted 
by midS = sts" radS = —s and |S| = max{|s°|, |s’|}, respectively. 
The operations of an interval as, midpoint, radius, and absolute value are 
element wisely extended for interval matrices. The matrices S,,;q and Sad 
are called the midpoint matrix and the radius matrix of an interval matrix 
S, respectively. 


Theorem 1. An interval m x n matrix S, m > n, is full rank if and only 
if the system of inequalities |Smiat| < Spaalz|, 2 € R”, has a unique zero 
solution. 


Proof. See [12]. 


The following definitions propose some criteria that discuss the being the 
full rank of the interval matrices; see [12]. 


Definition 9. An interval matrix S is called midpoint full rank if and 
only if the matrix Sig is full rank and p(|(Smia)t| + Sraa) < 1. 


Definition 10. An interval matrix S is called singular full rank if and 
only if the inequality omax(radS) < Omin(midS) is satisfied. 


Definition 11. An interval matrix S is called norm full rank if and only 
if the matrix S,,iq is full rank and the inequality || Spaa ||<|| (Smia)* ||7? is 
satisfied. || e || is an absolute subordinate matrix norm. 

Since, considering to be full rank of the compound matrices M4, 8, and 
Nee Aa; for all matrices A € J[0,1]"*",T € J[0,1)"*™, © € J[0,1]?*", due 
to the presence of many parameters in big problems, looks hard and compli- 
cated; therefore, using above criteria, may be useful to overcome the men- 
tioned difficulties. Therefore, using the above definitions, the following cri- 
teria for the controllability and observability are presented on the basis of 
being full rank. 


Definition 12. System (1) is controllable or observable with the midpoint 
criterion if and only if the interval matrix M_ 4g or Ney is the midpoint full 
rank, respectively. 
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Definition 13. System (1) is controllable or observable with the singular 
criterion if and only if the interval matrix M_4z or Ne., is the singular full 
rank, respectively. 


Definition 14. System (1) is controllable or observable with the norm 
criterion if and only if the interval matrix M_ 4g or Ne. is norm full rank, 
respectively. 


Of course, here the relationship between the controllability and observ- 
ability in general and their relationship with the specified criteria for system 
(1) is not considered, but, the purpose of the next researches can be to con- 
nect these two issues. 


5 Numerical examples 


Some numerical examples have been presented. 
Example 1. Olegovna [?] proposed the following interval optimal control 
problem: 
en N 
min 5 |e — 2 |? +> | u |?, 
s.t. aFa(t) =u, 
0<a, <aK€ay, 


where F is a second derivative operator. The state space description of this 
problem is in the following form: 
0 
& = Ax(t) + B(t) such that A = E 4 ,B= "4 | i 
00 Pete 
By Proposition 1, we have 


01 0 

Aye = Bei hie eas 
fea) Fm [a mt — af Om 

0 oo a a) 
MayB F eee © ioe aaa Ie 

ee eee a) 0 
| 
T 


det(May py) = —(q5 + Ya1(Z; — gy)”), then det(Ma,z,) #0. 

Therefore, the matrix M,, py is full rank for all matrices A € J[0, 1]?*?,T € 
J{0,1]?*%" and so the interval compound matrix M yg is full rank and from 
Proposition 2 it can be concluded that the system is controllable. 


Example 2. Consider the following linear system with interval coefficients 
only in the state variables that is proposed by Ismail and Bandyopadhyay 


[8]: 


Am | eH — A C= [8 —e], 
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5+A11 —4+2A12 1 
Aa = besa 9+ Ao» | ; eE = A per als 
_ 1 —38+4+ Aq + 4A42 
~ D 14+ 2d21 + A , 
N. 3 —5 
CoAn ~ 35 + 3Aq1 — 10A21 —57 + 6A12 — 5Aage |’ 

det(Ma, py) = 204+ 2A21 — 2A11 — 8Ai1g. The minimum and maximum values 
of the det(M,,q)acr)) are 10 and 24. Therefore, the matrix M4, p, is full 
rank for all matrices A € J[0,1]?%?, T € J[0,1]?*1. Therefore the interval 
compound matrix M_ 4, is full rank, and finally the system is controllable. 

Now the controllability of system is considered based on the criteria that 
have been defined in Section 4. For this purpose, after calculating the neces- 
sary quantities as 
(MB) mid = E el (MB) rad = fi a | » P(\(M 4B) mial*-(Mas)rad) = 
0.4118, Omin(M 4B) mid = 1.054, Omax(M_AB) rad = 3.202 | (Mas)y ia [= 
1.0303, || (M ags)rad ||= 2.5, by Definitions 12— 14, one can consider that the 
system is controllable with the midpoint criteria. Also Ismail and Bandy- 
opadhyay [8] indicated that this system is controllable. 

Moreover det(NogA,) = 4+ 18Aq2 + 15A11 — 15Ag2 — 50A21 and the min- 
imum and maximum values of det(Nc,a,) are -61 and 37. Therefore, there 
is a matrix A € J[0,1]?*%? such that the matrix Noga, is not full rank and 


the interval compound matrix Nc, is not full rank. Thus the system is not 
observable. Hence (No.4) mia = a 7 and (Nea)rad = be | . 
Therefore, p(|((Nca)mia)* - (NeA)raa) = 4.0833, 

Omin( NCA) mid = 0, Omax(NeA) rad = 8.515, 

|| (Nea)mia)* ||-*= 0.1951, || (Nea)raa ||= 12. 

Then, this system is not observable with all criteria. Also Ismail and Bandy- 
opadhyay [8] indicated that this system is not observable. 


Example 3. Consider the following linear system with interval coefficients 
only in the state variables, which is proposed by Ismail and Bandyopadhyay 
[8}: 


A= [ea Bal 2=[4] = BN, 


—84+4A1,; 2+A12 4 
Ax =| 24+ A21 cies bes | S| -Co= al 
M _ | 4 —34+ 16Aqy — Are 

anBr™ | 1 “3 4ddey — Day |? 
N. _ 2 1 

Caan 14+ 8Aq1 + Aa 9+ 2Aq2 + 2A02] ’ 
det(Ma,b,) = —22+16A21 —822 +1611 —A12. The minimum and maximum 
values of det(M,4, p,) are —31 and 10. Hence there is a matrix A € J[0,1]?*? 
such that the matrix M4,»), is not full rank and the interval compound ma- 
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trix M ag is not full rank. Therefore, the system is not controllable. 

(M 4B) mid = ea c"| »(MaB)rad = a . Therefore 
P(\(M.aB)mia)* -(Mas)raa) = 1.9524, 

Omin((M 4B) mia) = 0.387, Omax((M. 4B) rad) = 9.014, 

| (M as) mia)* "= 0.3443, I (MB) rad |= 8.5. 

Then this system is not controllable with all criteria. Ismail and Bandyopad- 
hyay [8] indicated this system is not controllable. 

Also det(Noo A, ) = 10+ 4Aq2 + 4A22 — 8A11 — Agi and so The minimum 
and maximum values of det(Ncga,) are 1 and 18. Then, the matrix Nog A, 
is full rank for all matrices © € J[0,1]1*?, A € J[0,1]?*?. Then, the interval 
compound matrix Ne is full rank. Therefore, This system is observable. 
Moreover, (Nea) mia = | ve F » (Nea) rad = Me . Therefore 
P(\((NeA) mia) * . (NCA) rad) = 0.26998, 

Omin((NeA) mid) = 2.166, Omax((Nea)rad) = 4.924, 

l| (Nea) mia)* ||-*= 2.625, || (Nea)rad |= 6.5. 

Then, this system is observable with midpoint criterion, and Ismail and 
Bandyopadhyay [8] also indicated that this system is observable. 


Example 4. Yang [15] proposed a linear system with interval coefficients as 
follows: 


1+0.01 -1+0.01 1+0.01 
eo E +0.01 ea | Pe eeyel paneer 
4 — | 0.99, 1.01] [-1.01,-0.99]} 4, _ | (0.99, 1.01] 
~ |[-0.01,0.01] [3.99,4.01] |’ ”~ |[-1.01, -0.99]] ’ 


SV 0,01+002Aej. 3.094 0.0Rrss | OP | 10 Oe: 
— {711 M12 
Ma, Bp = i i such that 


my, =0.99 + 0.02711, me, = —1.01 4+ 0.02721, 

M42 =2.0002 + 0.019871; + 0.01981; + 0.0004\171911 
— 0.020272; — 0.0202\12 + 0.0004A12421, 

M2 = — 4.0398 — 0.000271; + 0.0198A12 + 0.0004A21 911 
+ 0.079821 — 0.0202A22 + 0.0004A227721, 


Using computational algebra methods, it can be shown that the determi- 
nant of the matrix M4, 8, will not be zero, and thus the system is control- 
lable. Here we review the controllability based on the defined criteria. Thus 

1 2.0002 0.01 0.04 
(Ma )mid = i eel » (Mas)rad = fe sot ' 
Midpoint criterion: The matrix (M4g)mia is full rank and 
P(\((M as) mia)* + (Maps)rad) = 0.0788 < 1. The system is controllable in 
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accordance with the midpoint criterion. 

Singular criterion: Omin((M.4B)mia) = 0.1833, Omax((M aB)rad) = 0.0054, 

o((MaB)rad) < Omin((MaB)mia). Therefore, the system is controllable in 

accordance with the singular criterion. 

Norm criterion: The matrix (M 4g) mia is full rank and || ((M4g)mia)* ||7*= 

0.333, || (M.as)raa |= 0.0701, and || (M.as)raa |I<I| (Mas)mia)* ||7*. 

Then the system is controllable in accordance with the norm criterion. 
Therefore, this system is controllable in accordance with all criteria. Yang 

[15] also indicated that this system is controllable. 


Example 5. Consider a linear system with following interval coefficients: 


A=| [5, 7] al Bx [eo] c= [8-5] [Le], 


[os =| [5, 10 [3, 7 
Des 5+2A117 2+4A12 Bos 6+ 4711 
— —9 + 2d91 54+ 5r22] ’ i 3+ 4721 


Ce = [| -8 + 3611 1+ 56.9] , 
_ [mi M42 
MayBr = ie is such that 


mi =6+ 411, Ma =3+ 421, 

my2 = 36 + 20911 + 12A11 + 8A11 911 + 821 + 12A12 + 16y21A12, 

m22 = —39 — 36711 + 12X91 + 8A21711 + 20721 + 15X22 + 20A22721- 

As the previous example, using computational algebra methods, it can be 
shown that the determinant of the matrix M4,q)p(r) may be zero and thus 
the system is not controllable. To check the controllability based on the given 
criteria, we have the following: 


Midpoint criterion: The matrix (M4) mia is full rank and 
P(\((M.as)mia)*|-(M.aB)raa) = 1.4393 > 1. 

Singular criterion: Omin((M.4B) mia) = 7-162, Omaz((MAs)raa) = 64.063, 
Omax((M 4B) rad) > Omin((M 4B) mid): 

Norm criterion: The matrix (M_4g)mia is full rank and || ((M.4g)mia)* ||71= 
5.7231, || (M.as)rad ||= 53.5, and || (M.4s)rad ||>|| (Mas)mia)* ||. 
The interval compound matrix M 4p, in accordance with any of the criteria, 
is not full rank, so, this system is not controllable based on the given criteria. 
Also Nog A, = ee in such that 

M21 N22 

nyy= —8+ 3611, ni2 = 1+ 5612, 
n21= —AQ — 16A11 + 15641 + 6011A11 + 2A21 = 45649 oa 10612A21, 
The matrix Noe) 4a) may be zero and thus the system may not be observ- 
able. To check the observability by the given criteria, we have 
Menrun | APE] Olrdnem (Eg 
Midpoint criterion: The matrix (N¢.4) mia is full rank and 


p(\((NeA)mia)*| > (Nea) rad) = 2.2535 > 1. 
Singular criterion: omin((N¢.)mia) = 0.118, Omax((NeA)roa) = 60.7577. 
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Omax((NeA) rad) > Guia Nea td 

Norm criterion: The matrix (N¢.4) mia is full rank and || ((Ne.4) mia) 
5.7231, || (NcA)mia ||= 53-5 and || (NeA)raa ||>I| (Nea) mia)* ||7?- 
The interval compound matrix Ney, in accordance with all criteria, is not 
full rank, so, this system is not observable based on criteria. 


P= 


Example 6. Cheng and Zhang in [2] presented a system with the following 

coefficient matrices, and they indicated that this system is controllable using 

the feedback: 
0 


+ 0.05 0 0 10 
AE 0 1+0.041+0.03] , B= |00| . Therefore, 
0 0+0.08 0+0.4 Ol 
[—0.05, 0.05] 0 0 10 
A= 0 (0.96, 1.04] [0.97,1.03]} , B= |00] , 
0 [—0.08, 0.08] [—0.4, 0.4] 01 
—0.05 + 0.1A11 0 0 10 
Ay = 0 0.96 + 0.08A22 0.97 + 0.0623} , Br = [00] , 
0 —0.08 + 0.16A32 —0.4+ 0.8A33 01 
Qa11 0 0 
AR = | 0 age ao3} such that 
0 age a33 


ay, = (—0.05 + 0.1A41)2, 

022 = 0.844 + 0.1536A22 + 0.00642, — 0.004823 + 0.1552A39 + 0.0096A32A23, 
a23 = 0.8825 + 0.033623 + 0.077622 +.0.0048A22.A23 + 0.77633 + 0.048A23.A33, 
a32 = —0.0448 +0.512A32 — 0.006422 — 0.064A33 +0.048A22A32 +0.128A33A32, 
a33 = 0.0824 — 0.0048A23 + 0.1552A32 + 0.0096A32A03 + 0.64A23 — 0.64.33. 


Therefore, 


10 —0.05 + 0.1Aq4 0 ai, O 
Ma, By = |00 0 0.97 + 0.06A23 0 23 and 
01 0 —0.44+0.8A33 0 azz 


10 0 

0 0 ao3} is a square submatrix of the matrix M4, p,, so that its determi- 

01 433 
nant is —a93. The minimum and maximum of —a93 are 0.8825 and 1.8225, 
respectively. As a result, the matrix M4 q) ar) is full rank for all matrices 
A € J[0,1)8** , T € J[0,1]8**, and so the system is controllable. The con- 
trollability of this system is determined without using the feedback and this 
is the advantage of the proposed method. 


With respect to these examples, it can be concluded that the controlla- 
bility and observability of an interval control system do not guarantee the 
controllability and observability based on the defined criteria. If a system 
is controllable or observable with all criteria, then this system may be con- 
trollable or observable. Whenever, a system is not controllable or observable 
with all criteria, then that system may not be controllable or observable. 
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6 Conclusion 


In this paper, using the parametric representation of interval matrices in the 
time-invariant (continuous time) linear system with interval coefficients, the 
classical approach of determining controllability and observability of these 
systems by reproducing compound matrices was discussed. The approach 
helps to investigate the controllability and observability for general MIMO 
systems without considering additional restrictions in coefficients matrices. 
Undoubtedly, the computations of checking to be full rank of compound ma- 
trices may be complicated and so by different concepts in to be full rank of 
matrices, some criteria for evaluating these concepts were given. The rela- 
tionship between the actual controllability and observability of interval linear 
systems and what is presented based on the given criteria may be the basis 
of interesting researches in this area. 
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